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Abstract
Perturbative string amplitudes are correctly derived from the string geometry the-
ory, which is one of the candidates of a non-perturbative formulation of string theory.
In order to derive non-perturbative effects rather easily from the theory, we formulate
topological string geometry theory by restricting the string geometry theory to its topo-
logical sector. We derive the perturbative partition function of the topological string
theory from fluctuations around a classical solution in the topological string geometry
theory.
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1 Introduction
String geometry theory is one of the candidates of non-perturbative formulation of string
theory [1]. Actually, the theory possesses appropriate properties as a non-perturbative for-
mulation as follows. First, we can derive the all-order perturbative scattering amplitudes
that possess the super moduli in IIA, IIB and SO(32) I superstring theories from the single
theory by considering fluctuations around fixed perturbative IIA, IIB and SO(32) I vacua, re-
spectively. Second, the theory is background independent. Third, the theory unifies particles
and the space-time.
Next task is to derive non-perturbative effects from the theory. In order to derive non-
perturbative effects rather easily, we formulate a topological sector of string geometry theory
in this paper. It is worthy to study the topological sector, since non-perturbative partition
functions of the topological string theory on a certain class of the Calabi–Yau manifolds are
proposed as we will explain below.
Non-perturbative partition functions in topological string theory on non-compact toric
Calabi–Yau manifolds were conjectured by using dualities [2, 3]. In [3], a non-perturbative
free energy is given by the combination of the unrefined free energy and Nekrasov–Shatashvili
limit of the refined free energy [4]. The authors in [5] proposed that the non-perturbative free
energy in [3] closely relates to the quantization of the mirror curve [6, 7], based on the duality
between ABJM matrix model and the topological string theory on local P1 × P1 [8, 9, 10].
This relation is sometimes called as Topological String/Spectral Theory correspondence.
(The overview of the correspondence is given in e.g. [11]). In addition, the authors in [12]
show that the non-perturbative free energy in [3] agrees with that obtained by applying the
resurgence technique, developed in [13, 14], to the perturbative topological string theory
in case of local P2. In spite of such progresses, the first principle calculations of the non-
perturbative partition functions are still not known. We expect to provide an answer to this
issue from topological string geometry theory.
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The rest of the paper is organized as follows. In section 2, we perform a topological twist of
string geometry theory and define topological string geometry theory. In section 3, we derive
perturbative topological string theory in the flat background by considering fluctuations
around a classical solution of the topological string geometry theory. In Appendix A, we
develop a superfield formalism of the topological string since the string geometry theory is
defined in a superfield formalism.
2 Topological string geometry
In this section, we will define topological string geometry by performing a topological twist
of string geometry [1].
As in [1], on the topological super Riemannian surfaces Σ¯, there exists an unique Abelian
differential dp that has simple poles with residues f i at P i where
∑
i f
i = 0, if it is normalized
to have purely imaginary periods with respect to all contours to fix ambiguity of adding
holomorphic differentials. A global time is defined by z¯ = τ¯ + iσ¯ :=
∫ P
dp at any point P
on Σ¯ [15, 16]. τ¯ takes the same value at the same point even if different contours are chosen
in
∫ P
dp, because the real parts of the periods are zero by definition of the normalization.
In particular, τ¯ = −∞ at P i with negative f i and τ¯ =∞ at P i with positive f i. A contour
integral on τ¯ constant line around P i: i∆σ¯ =
∮
dp = 2piif i indicates that the σ¯ region around
P i is 2pif i. This means that Σ¯ around P i represents a semi-infinite supercylinder with radius
f i. The condition
∑
i f
i = 0 means that the total σ¯ region of incoming supercylinders equals
to that of outgoing ones if we choose the outgoing direction as positive. That is, the total
σ¯ region is conserved. In order to define the above global time uniquely, we fix the σ¯
regions 2pif i around P i. We divide N P i’s to arbitrary two sets consist of N− and N+ P i’s,
respectively (N− +N+ = N), then we divide equally −1 to f i = −1N− , and 1 to f i = 1N+ .
Thus, under a superconformal transformation, one obtains a topological super Riemann
surface Σ¯ that has coordinates composed of the global time τ¯ and the position σ¯. Because Σ¯
can be a supermoduli of super Riemann surfaces [17], any two-dimensional topological super
Riemannian manifold Σ can be obtained by Σ = ψ(Σ¯) where ψ is a superdiffeomorphism
times super Weyl transformation.
Next, we will define a model space E. We consider a state (Σ¯,Φ(τ¯s), Φ¯(τ¯s), τ¯s) determined
by Σ¯, a τ¯ = τ¯s constant hypersurface and an arbitrary map (Φ(τ¯s), Φ¯(τ¯s)) from Σ¯|τ¯s to the
Euclidean space Rd. Φ(τ¯) and Φ¯(τ¯) are defined by restricting (A.2) to the τ¯ constant
hypersurface whose conditions are given by
h¯τ¯m∂mφ+ 2iχ
z∗
z ρz∗ = 0,
h¯τ¯m∂mφ¯+ 2iχ
z
z∗ρz = 0, (2.1)
2
where h¯mn is the metric of the worldsheet.
Σ¯ is a union of N± supercylinders with radii fi at τ¯ ' ±∞. Thus, we define a string state
as an equivalence class [Σ¯,Φ(τ¯s ' ±∞), Φ¯(τ¯s ' ±∞), τ¯s ' ±∞] by a relation (Σ¯,Φ(τ¯s '
±∞), Φ¯(τ¯s ' ±∞), τ¯s ' ±∞) ∼ (Σ¯′,Φ′(τ¯s ' ±∞), Φ¯′(τ¯s ' ±∞), τ¯s ' ±∞) if N± = N ′±,
fi = f
′
i , Φ(τ¯s ' ±∞) = Φ′(τ¯s ' ±∞), and Φ¯(τ¯s ' ±∞) = Φ¯′(τ¯s ' ±∞) as in Fig. 1.
Because Σ¯|τ¯s ' S1 ∪ S1 ∪ · · · ∪ S1 where Σ¯ is the reduced space of Σ¯, and (Φ(τ¯s), Φ¯(τ¯s)) :
Σ¯|τ¯s → M , [Σ¯,Φ(τ¯s), Φ¯(τ¯s), τ¯s] represent many-body states of strings in Rd as in Fig. 2.
The model space E is defined by a collection of all the string states {[Σ¯,Φ(τ¯s), Φ¯(τ¯s), τ¯s]}.
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Figure 1: An equivalence class of a string state. If the supercylinders and the embedding
functions are the same at τ¯ ' −∞, the states of strings at τ¯ ' −∞ specified by the red lines
(Σ¯,Φ(τ¯s ' −∞), Φ¯(τ¯s ' −∞), τ¯s ' −∞), (Σ¯′,Φ′(τ¯s ' −∞), Φ¯′(τ¯s ' −∞), τ¯s ' −∞), and
(Σ¯′′,Φ′′(τ¯s ' −∞), Φ¯′′(τ¯s ' −∞), τ¯s ' −∞) should be identified.
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Figure 2: Various string states. The red and blue lines represent one-string and two-string
states, respectively.
Here, we will define topologies of E. We define an -open neighbourhood of [Σ¯,Φs(τ¯s), Φ¯s(τ¯s), τ¯s]
by
U([Σ¯,Φs(τ¯s), Φ¯s(τ¯s), τ¯s], )
:=
{
[Σ¯,Φ(τ¯), Φ¯(τ¯), τ¯ ]
∣∣ √|τ¯ − τ¯s|2 + (Φ(τ¯)− Φs(τ¯s)) · (Φ¯(τ¯)− Φ¯s(τ¯s)) < } , (2.2)
3
where
(Φ(τ¯)− Φs(τ¯s)) · (Φ¯(τ¯)− Φ¯s(τ¯s))
:=
∫ 2pi
0
dσ¯
(
ηIJ¯
(
(φI(τ¯ , σ¯)− φIs(τ¯s, σ¯))(φ¯J¯(τ¯ , σ¯)− φ¯J¯s (τ¯s, σ¯))
+ (ρIz∗(τ¯ , σ¯)− ρIz∗s(τ¯s, σ¯))(ρ¯J¯z (τ¯ , σ¯)− ρ¯J¯zs(τ¯s, σ¯))
+ (χI(τ¯ , σ¯)− χIs(τ¯s, σ¯))(χ¯J¯(τ¯ , σ¯)− χ¯J¯s (τ¯s, σ¯))
+ (F I(τ¯ , σ¯)− F Is (τ¯s, σ¯))(F¯ J¯(τ¯ , σ¯)− F¯ J¯s (τ¯s, σ¯))
)
+ (χz
∗
z (τ¯ , σ¯)− χz
∗
zs(τ¯s, σ¯))(χ
z
z∗(τ¯ , σ¯)− χzz∗s(τ¯s, σ¯))
)
. (2.3)
U([Σ¯,Φ(τ¯s ' ±∞), Φ¯(τ¯s ' ±∞), τ¯s ' ±∞], ) = U([Σ¯′,Φ′(τ¯s ' ±∞), Φ¯′(τ¯s ' ±∞), τ¯s '
±∞], ) consistently if N± = N ′±, fi = f ′i , Φ(τ¯s ' ±∞) = Φ′(τ¯s ' ±∞), Φ¯(τ¯s ' ±∞) =
Φ′(τ¯s ' ±∞), and  is small enough, because the τ¯s ' ±∞ constant hypersurface traverses
only supercylinders overlapped by Σ¯ and Σ¯′.
U is defined to be an open set of E if there exists  such that U([Σ¯,Φ(τ¯s), Φ¯(τ¯s), τ¯s], ) ⊂ U
for an arbitrary point [Σ¯,Φ(τ¯s), Φ¯(τ¯s), τ¯s] ∈ U . The topology of E satisfies the axiom of
topology. The proof is the same as in [1].
Although the model space is defined by using the coordinates [Σ¯,Φ(τ¯s), Φ¯(τ¯s), τ¯s], the
model space does not depend on the coordinates, because the model space is a topological
space.
By definition of the -open neighbourhood, arbitrary two string states on a connected
topological super Riemann surface in Rd are connected continuously. Thus, there is an
one-to-one correspondence between a topological super Riemann surface with punctures in
Rd and a curve parametrized by τ¯ from τ¯ = −∞ to τ¯ = ∞ on E. That is, curves that
represent asymptotic processes on E reproduce the right moduli space of the topological
super Riemann surfaces in Rd.
By a general curve parametrized by t on E, string states on different topological super
Riemann surfaces that have even different numbers of genera, can be connected continuously,
as in Fig. 3, whereas different topological super Riemann surfaces that have different numbers
of genera cannot be connected continuously in the moduli space of the topological super
Riemann surfaces.
In the following, we denote [E¯ AM (σ¯, τ¯ , θ¯
α),Φ(τ¯), Φ¯(τ¯), τ¯ ], where E¯ AM (σ¯, τ¯ , θ¯
α) (M =
(m,α), A = (q, a), m, q = 0, 1, α, a = 1, 2, 3, 4) is the worldsheet topological super vierbein on
Σ¯ defined by (A.2), instead of [Σ¯,Φ(τ¯), Φ¯(τ¯), τ¯ ], because giving a topological super Riemann
surface is equivalent to giving a topological super vierbein up to super diffeomorphism and
super Weyl transformations.
4
[⌃¯, (⌧¯(t2)),  ¯(⌧¯(t2)), ⌧¯(t2)] = [⌃¯
0, 0(⌧¯(t2)),  ¯0(⌧¯(t2)), ⌧¯(t2)]
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[⌃¯0, 0(⌧¯(t3)),  ¯0(⌧¯(t3)), ⌧¯(t3)]
<latexit sha1_base64="+8Og/uUBEtWsHHF0K+0VYWgCPZ4=">AAAC1nichVHPSxtBFP7cWrXWH2l7KfQiBjWBIBMVW noSe/EYjYmBJITZdZIM7i92JwEbtrciePLWQ08VehDvhZ69+A948NRrQ48WevHg2x9UVIxvmZ1vvve+N9/wdNeUvmLsYkh7Mvx0ZHTs2fjzicmp6dSLl2Xf6XiGKBmO6XgVnfvClLYoKalMUXE9wS3dFNv67ocwv90Vni8de0vtuaJu8ZYtm9Lgi qhGqlit6dzr1YqyZfFgIVcrtOVCJuYU7wQZ1VjOZnMxQbngweR/ot5Ipdkii2LmPsgnII0kCk7qB2rYgQMDHVgQsKEIm+Dw6asiDwaXuDp6xHmEZJQXCDBO2g5VCargxO7Sv0WnasLadA57+pHaoFtMWh4pZzDHztkxu2Rn7IT12dWDvXpRj9DLH u16rBVuY/rgdfHfoyqLdoX2jWqgZ4Um3kVeJXl3IyZ8hRHrux+/XBbfb8715tkR+0P+v7ELdkovsLt/je8bYvPrAD86eQloPPm7w7gPykuLecIbK+nVtWRQY3iDWWRoGm+xinUUUKLuP/ELv9HXKton7bO2H5dqQ4nmFW6FdngNJEGwBQ==</lat exit><latexit sha1_base64="+8Og/uUBEtWsHHF0K+0VYWgCPZ4=">AAAC1nichVHPSxtBFP7cWrXWH2l7KfQiBjWBIBMVW noSe/EYjYmBJITZdZIM7i92JwEbtrciePLWQ08VehDvhZ69+A948NRrQ48WevHg2x9UVIxvmZ1vvve+N9/wdNeUvmLsYkh7Mvx0ZHTs2fjzicmp6dSLl2Xf6XiGKBmO6XgVnfvClLYoKalMUXE9wS3dFNv67ocwv90Vni8de0vtuaJu8ZYtm9Lgi qhGqlit6dzr1YqyZfFgIVcrtOVCJuYU7wQZ1VjOZnMxQbngweR/ot5Ipdkii2LmPsgnII0kCk7qB2rYgQMDHVgQsKEIm+Dw6asiDwaXuDp6xHmEZJQXCDBO2g5VCargxO7Sv0WnasLadA57+pHaoFtMWh4pZzDHztkxu2Rn7IT12dWDvXpRj9DLH u16rBVuY/rgdfHfoyqLdoX2jWqgZ4Um3kVeJXl3IyZ8hRHrux+/XBbfb8715tkR+0P+v7ELdkovsLt/je8bYvPrAD86eQloPPm7w7gPykuLecIbK+nVtWRQY3iDWWRoGm+xinUUUKLuP/ELv9HXKton7bO2H5dqQ4nmFW6FdngNJEGwBQ==</lat exit><latexit sha1_base64="+8Og/uUBEtWsHHF0K+0VYWgCPZ4=">AAAC1nichVHPSxtBFP7cWrXWH2l7KfQiBjWBIBMVW noSe/EYjYmBJITZdZIM7i92JwEbtrciePLWQ08VehDvhZ69+A948NRrQ48WevHg2x9UVIxvmZ1vvve+N9/wdNeUvmLsYkh7Mvx0ZHTs2fjzicmp6dSLl2Xf6XiGKBmO6XgVnfvClLYoKalMUXE9wS3dFNv67ocwv90Vni8de0vtuaJu8ZYtm9Lgi qhGqlit6dzr1YqyZfFgIVcrtOVCJuYU7wQZ1VjOZnMxQbngweR/ot5Ipdkii2LmPsgnII0kCk7qB2rYgQMDHVgQsKEIm+Dw6asiDwaXuDp6xHmEZJQXCDBO2g5VCargxO7Sv0WnasLadA57+pHaoFtMWh4pZzDHztkxu2Rn7IT12dWDvXpRj9DLH u16rBVuY/rgdfHfoyqLdoX2jWqgZ4Um3kVeJXl3IyZ8hRHrux+/XBbfb8715tkR+0P+v7ELdkovsLt/je8bYvPrAD86eQloPPm7w7gPykuLecIbK+nVtWRQY3iDWWRoGm+xinUUUKLuP/ELv9HXKton7bO2H5dqQ4nmFW6FdngNJEGwBQ==</lat exit><latexit sha1_base64="+8Og/uUBEtWsHHF0K+0VYWgCPZ4=">AAAC1nichVHPSxtBFP7cWrXWH2l7KfQiBjWBIBMVW noSe/EYjYmBJITZdZIM7i92JwEbtrciePLWQ08VehDvhZ69+A948NRrQ48WevHg2x9UVIxvmZ1vvve+N9/wdNeUvmLsYkh7Mvx0ZHTs2fjzicmp6dSLl2Xf6XiGKBmO6XgVnfvClLYoKalMUXE9wS3dFNv67ocwv90Vni8de0vtuaJu8ZYtm9Lgi qhGqlit6dzr1YqyZfFgIVcrtOVCJuYU7wQZ1VjOZnMxQbngweR/ot5Ipdkii2LmPsgnII0kCk7qB2rYgQMDHVgQsKEIm+Dw6asiDwaXuDp6xHmEZJQXCDBO2g5VCargxO7Sv0WnasLadA57+pHaoFtMWh4pZzDHztkxu2Rn7IT12dWDvXpRj9DLH u16rBVuY/rgdfHfoyqLdoX2jWqgZ4Um3kVeJXl3IyZ8hRHrux+/XBbfb8715tkR+0P+v7ELdkovsLt/je8bYvPrAD86eQloPPm7w7gPykuLecIbK+nVtWRQY3iDWWRoGm+xinUUUKLuP/ELv9HXKton7bO2H5dqQ4nmFW6FdngNJEGwBQ==</lat exit>
t1
<latexit sha1_base6 4="Bgeu9X/e1j15N6WHpTbl2d+4sCA=">AAA ChHichVG7SgNBFD1ZNWp8JGoj2ARDxEJk1ge KhYg2lpqYB8QQdtdJXLIvdieBGPwBwVYLKwUL sfcHbPwBi3yCWEawsfBmsyAa1DvMzJkz99w5 w1UdQ/cEY62Q1Nc/EB4cGo6MjI6NR2MTk1nP rrkaz2i2Ybt5VfG4oVs8I3Rh8LzjcsVUDZ5Tq zud+1ydu55uWwei4fCiqVQsvaxriiAqLUpyK ZZgi8yPeC+QA5BAEHt27AGHOIINDTWY4LAgC BtQ4NEoQAaDQ1wRTeJcQrp/z3GKCGlrlMUpQy G2SmuFToWAtejcqen5ao1eMWi6pIwjyZ7ZHW uzJ3bPXtjHr7Wafo2OlwbtalfLnVL0bDr9/q /KpF3g+Ev1p2eBMtZ9rzp5d3ym8wutq6+fXLb TG6lkc47dsFfyf81a7JF+YNXftNt9nrr6w49 KXk6pPfLPZvSC7NKiTHh/JbG1HTRqCDOYxTx 1Yw1b2MUeMlS9gnNc4FIKSwvSsrTaTZVCgWYK 30La/AQ+TpB6</latexit><latexit sha1_base6 4="Bgeu9X/e1j15N6WHpTbl2d+4sCA=">AAA ChHichVG7SgNBFD1ZNWp8JGoj2ARDxEJk1ge KhYg2lpqYB8QQdtdJXLIvdieBGPwBwVYLKwUL sfcHbPwBi3yCWEawsfBmsyAa1DvMzJkz99w5 w1UdQ/cEY62Q1Nc/EB4cGo6MjI6NR2MTk1nP rrkaz2i2Ybt5VfG4oVs8I3Rh8LzjcsVUDZ5Tq zud+1ydu55uWwei4fCiqVQsvaxriiAqLUpyK ZZgi8yPeC+QA5BAEHt27AGHOIINDTWY4LAgC BtQ4NEoQAaDQ1wRTeJcQrp/z3GKCGlrlMUpQy G2SmuFToWAtejcqen5ao1eMWi6pIwjyZ7ZHW uzJ3bPXtjHr7Wafo2OlwbtalfLnVL0bDr9/q /KpF3g+Ev1p2eBMtZ9rzp5d3ym8wutq6+fXLb TG6lkc47dsFfyf81a7JF+YNXftNt9nrr6w49 KXk6pPfLPZvSC7NKiTHh/JbG1HTRqCDOYxTx 1Yw1b2MUeMlS9gnNc4FIKSwvSsrTaTZVCgWYK 30La/AQ+TpB6</latexit><latexit sha1_base6 4="Bgeu9X/e1j15N6WHpTbl2d+4sCA=">AAA ChHichVG7SgNBFD1ZNWp8JGoj2ARDxEJk1ge KhYg2lpqYB8QQdtdJXLIvdieBGPwBwVYLKwUL sfcHbPwBi3yCWEawsfBmsyAa1DvMzJkz99w5 w1UdQ/cEY62Q1Nc/EB4cGo6MjI6NR2MTk1nP rrkaz2i2Ybt5VfG4oVs8I3Rh8LzjcsVUDZ5Tq zud+1ydu55uWwei4fCiqVQsvaxriiAqLUpyK ZZgi8yPeC+QA5BAEHt27AGHOIINDTWY4LAgC BtQ4NEoQAaDQ1wRTeJcQrp/z3GKCGlrlMUpQy G2SmuFToWAtejcqen5ao1eMWi6pIwjyZ7ZHW uzJ3bPXtjHr7Wafo2OlwbtalfLnVL0bDr9/q /KpF3g+Ev1p2eBMtZ9rzp5d3ym8wutq6+fXLb TG6lkc47dsFfyf81a7JF+YNXftNt9nrr6w49 KXk6pPfLPZvSC7NKiTHh/JbG1HTRqCDOYxTx 1Yw1b2MUeMlS9gnNc4FIKSwvSsrTaTZVCgWYK 30La/AQ+TpB6</latexit><latexit sha1_base6 4="Bgeu9X/e1j15N6WHpTbl2d+4sCA=">AAA ChHichVG7SgNBFD1ZNWp8JGoj2ARDxEJk1ge KhYg2lpqYB8QQdtdJXLIvdieBGPwBwVYLKwUL sfcHbPwBi3yCWEawsfBmsyAa1DvMzJkz99w5 w1UdQ/cEY62Q1Nc/EB4cGo6MjI6NR2MTk1nP rrkaz2i2Ybt5VfG4oVs8I3Rh8LzjcsVUDZ5Tq zud+1ydu55uWwei4fCiqVQsvaxriiAqLUpyK ZZgi8yPeC+QA5BAEHt27AGHOIINDTWY4LAgC BtQ4NEoQAaDQ1wRTeJcQrp/z3GKCGlrlMUpQy G2SmuFToWAtejcqen5ao1eMWi6pIwjyZ7ZHW uzJ3bPXtjHr7Wafo2OlwbtalfLnVL0bDr9/q /KpF3g+Ev1p2eBMtZ9rzp5d3ym8wutq6+fXLb TG6lkc47dsFfyf81a7JF+YNXftNt9nrr6w49 KXk6pPfLPZvSC7NKiTHh/JbG1HTRqCDOYxTx 1Yw1b2MUeMlS9gnNc4FIKSwvSsrTaTZVCgWYK 30La/AQ+TpB6</latexit>
t2
<latexit sha1_base64="mp5V2ASEukq66Dly /IJ4fznJvK8=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsIkKoqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZJPxBOPtxdj6RtCoPkxiGnPcjWWsYwspZLh6ERe4RF0JK/PKgrLUTlVCgWYc30J Z+wRAbJB7</latexit><latexit sha1_base64="mp5V2ASEukq66Dly /IJ4fznJvK8=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsIkKoqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZJPxBOPtxdj6RtCoPkxiGnPcjWWsYwspZLh6ERe4RF0JK/PKgrLUTlVCgWYc30J Z+wRAbJB7</latexit><latexit sha1_base64="mp5V2ASEukq66Dly /IJ4fznJvK8=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsIkKoqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZJPxBOPtxdj6RtCoPkxiGnPcjWWsYwspZLh6ERe4RF0JK/PKgrLUTlVCgWYc30J Z+wRAbJB7</latexit><latexit sha1_base64="mp5V2ASEukq66Dly /IJ4fznJvK8=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsIkKoqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZJPxBOPtxdj6RtCoPkxiGnPcjWWsYwspZLh6ERe4RF0JK/PKgrLUTlVCgWYc30J Z+wRAbJB7</latexit>
t3
<latexit sha1_base64="/wuSsiI39EnltnZk 6GvL79Us+NM=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsLEKIqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZBfiCcbbi7H1jaBRfZjENOa4G8tYxxZSyHD1Ii5wiboSVuaVpLLUTlVCgWYc30J Z+wRCipB8</latexit><latexit sha1_base64="/wuSsiI39EnltnZk 6GvL79Us+NM=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsLEKIqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZBfiCcbbi7H1jaBRfZjENOa4G8tYxxZSyHD1Ii5wiboSVuaVpLLUTlVCgWYc30J Z+wRCipB8</latexit><latexit sha1_base64="/wuSsiI39EnltnZk 6GvL79Us+NM=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsLEKIqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZBfiCcbbi7H1jaBRfZjENOa4G8tYxxZSyHD1Ii5wiboSVuaVpLLUTlVCgWYc30J Z+wRCipB8</latexit><latexit sha1_base64="/wuSsiI39EnltnZk 6GvL79Us+NM=">AAAChHichVE9SwNBEH05NX6bqI1gIwbFQsLEKIqFiDaW0ZhEiBLuzjUeudwdd5 uABv+AYGsKKwULsfcP2PgHLPITxDKCjYWTy4FoUGfZ3bdv582+ZTTHNDxJ1AgpXd094d6+/oHBo eGRSHR0LOvZFVcXGd02bXdPUz1hGpbISEOaYs9xhVrWTJHTSput+1xVuJ5hW7vyxBEHZbVoGUeGr kqm0rKQLERjFCc/pjpBIgAxBJGyow/YxyFs6KigDAELkrEJFR6PPBIgOMwdoMacy8jw7wXOMMDaC mcJzlCZLfFa5FM+YC0+t2p6vlrnV0yeLiunMEPPdEdNeqJ7eqGPX2vV/BotLye8a22tcAqR84n0 +7+qMu8Sx1+qPz1LHGHF92qwd8dnWr/Q2/rqab2ZXt2Zqc3SDb2y/2tq0CP/wKq+6bfbYufqDz8a eznj9iR+NqMTZBfiCcbbi7H1jaBRfZjENOa4G8tYxxZSyHD1Ii5wiboSVuaVpLLUTlVCgWYc30J Z+wRCipB8</latexit>
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Figure 3: A continuous trajectory. In case of general τ¯(t) as in the left graph,
string states on different Riemann surfaces can be connected continuously in E as
[Σ¯,Φ(τ¯(t1)), Φ¯(τ¯(t1)), τ¯(t1)] and [Σ¯
′,Φ′(τ¯(t3)), Φ¯′(τ¯(t3)), τ¯(t3)] on the pictures.
Next, in order to define structures of string manifold, we consider how generally we can de-
fine general coordinate transformations between [E¯ AM ,Φ(τ¯), Φ¯(τ¯), τ¯ ] and [E¯
′ A
M ,Φ
′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′]
where [E¯ AM ,Φ(τ¯), Φ¯(τ¯), τ¯ ] ∈ U ⊂ E and [E¯
′ A
M ,Φ
′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′] ∈ U ′ ⊂ E. E¯ AM does not
transform to τ¯ , Φ(τ¯), and Φ¯(τ¯) and vice versa, because τ¯ , Φ(τ¯), and Φ¯(τ¯) are continuous
variables, whereas E¯ AM is a discrete variable: τ¯ , Φ(τ¯), and Φ¯(τ¯) vary continuously, whereas
E¯ AM varies discretely in a trajectory on E by definition of the neighbourhoods. τ¯ does not
transform to σ¯ and θ¯ and vice versa, because the string states are defined by τ¯ constant
hypersurfaces. Under these restrictions, the most general coordinate transformation is given
by
[E¯ AM (σ¯, τ¯ , θ¯
α),Φ(σ¯, τ¯ , θ¯), Φ¯(σ¯, τ¯ , θ¯), τ¯ ]
7→ [E¯′ AM (σ¯′(σ¯, θ¯), τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯)), θ¯
′α(σ¯, θ¯))),Φ′(σ¯′, τ¯ ′, θ¯′)(τ¯ ,Φ(τ¯), Φ¯(τ¯)),
Φ¯′(σ¯′, τ¯ ′, θ¯′)(τ¯ ,Φ(τ¯), Φ¯(τ¯)), τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯))],
(2.4)
where E¯ AM 7→ E¯
′ A
M represents a world-sheet superdiffeomorphism transformation
1. (σ¯, θ¯α) 7→
(σ¯′(σ¯, θ¯), θ¯′α(σ¯, θ¯)) represents that these coordinates are transformed by diffeomorphism and
only its Q-partners: θ¯
′z∗ = θ¯z
∗
and θ¯
′z = θ¯z are not transformed, and σ¯′ = σ¯′(σ¯, θ¯, θ¯),
θ¯′ = θ¯′(σ¯, θ¯, θ¯) and θ¯′ = θ¯′(σ¯, θ¯, θ¯) does not depend on θ¯z∗ or θ¯z2. Φ′(τ¯ ,Φ(τ¯), Φ¯(τ¯)),
Φ¯′(τ¯ ,Φ(τ¯), Φ¯(τ¯)), and τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯)) are functionals of τ¯ , Φ(τ¯), and Φ¯(τ¯). We consider
all the manifolds which are constructed by patching open sets of the model space E by the
general coordinate transformations (2.4) and call them topological string manifoldsMD. An
1 We extend the model space from E = {[E¯ AM (σ¯, τ¯ , θ¯α),Φ(σ¯, τ¯ , θ¯), Φ¯(σ¯, τ¯ , θ¯), τ¯ ]} to E =
{[E¯′ AM (σ¯′, τ¯ ′, θ¯
′α),Φ′(σ¯′, τ¯ ′, θ¯′), Φ¯′(σ¯′, τ¯ ′, θ¯′), τ¯ ′]} by including the points generated by the superdiffeomor-
phisms σ¯ 7→ σ¯′(σ¯, θ¯), θ¯α 7→ θ¯′α(σ¯, θ¯), and τ¯ 7→ τ¯ ′(τ¯).
2We consider only these diffeomorphism and its Q-partners in the following.
5
example of the string manifold in the critical string theory is given in [1].
The tangent space is spanned by ∂∂τ¯ ,
∂
∂ΦI(σ¯,τ¯ ,θ¯)
, and ∂
∂Φ¯J¯ (σ¯,τ¯ ,θ¯)
as one can see from
the -open neighbourhood (2.2)3. We should note that ∂
∂E¯ AM
cannot be a part of basis
that span the tangent space because E¯ AM is just a discrete variable in E. The index of
∂
∂ΦI(σ¯,τ¯ ,θ¯)
and ∂
∂Φ¯J¯ (σ¯,τ¯ ,θ¯)
can be (I σ¯θ¯) and (J¯ σ¯θ¯). Then, let us define a summation over
σ¯ and θ¯ that is invariant under (σ¯, θ¯α) 7→ (σ¯′(σ¯, θ¯), θ¯′α(σ¯, θ¯)) and transformed as a scalar
under τ¯ 7→ τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯)). First, ∫ dτ¯ ∫ dσ¯d4θ¯E¯(σ¯, τ¯ , θ¯α) is invariant under (σ¯, τ¯ , θ¯α) 7→
(σ¯′(σ¯, θ¯), τ¯ ′(τ¯ ,XT (τ¯)), θ¯
′α(σ¯, θ¯)), where E¯(σ¯, τ¯ , θ¯α) is the superdeterminant of E¯ AM (σ¯, τ¯ , θ¯
α).
A super analogue of the lapse function, 1√
E¯0AE¯
0A
transforms as an one-dimensional vector
in the τ¯ direction:
∫
dτ¯ 1√
E¯0AE¯
0A
is invariant under τ¯ 7→ τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯)) and transformed
as a superscalar under (σ¯, θ¯α) 7→ (σ¯′(σ¯, θ¯), θ¯′α(σ¯, θ¯)). Therefore, ∫ dσ¯d4θ¯Eˆ(σ¯, τ¯ , θ¯α), where
Eˆ(σ¯, τ¯ , θ¯α) :=
√
E¯0AE¯
0AE¯(σ¯, τ¯ , θ¯α), is transformed as a scalar under τ¯ 7→ τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯))
and invariant under (σ¯, θ¯α) 7→ (σ¯′(σ¯, θ¯), θ¯′α(σ¯, θ¯)).
Riemannian topological string manifold is obtained by defining a metric, which is a
section of an inner product on the tangent space. The general form of a metric is given by
ds2(E¯,Φ(τ¯), Φ¯(τ¯), τ¯)
=G(E¯,Φ(τ¯), Φ¯(τ¯), τ¯)dd(dτ¯)
2
+ dτ¯
∫
dσ¯d4θ¯Eˆ
∑
I
G(E¯,Φ(τ¯), Φ¯(τ¯), τ¯)d (Iσ¯θ¯)dΦ
I(σ¯, τ¯ , θ¯)
+ dτ¯
∫
dσ¯d4θ¯Eˆ
∑
J¯
G(E¯,Φ(τ¯), Φ¯(τ¯), τ¯)d (J¯ σ¯θ¯)dΦ¯
J¯(σ¯, τ¯ , θ¯)
+
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′
∑
I,I′
G(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) (Iσ¯θ¯) (I′σ¯′θ¯′)dΦ
I(σ¯, τ¯ , θ¯)dΦI
′
(σ¯′, τ¯ , θ¯′)
+ 2
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′
∑
I,J¯
G(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) (Iσ¯θ¯) (J¯ σ¯′θ¯′)dΦ
I(σ¯, τ¯ , θ¯)dΦ¯J¯(σ¯′, τ¯ , θ¯′)
+
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′
∑
J¯ ,J¯ ′
G(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) (J¯ σ¯θ¯) (J¯ ′σ¯′θ¯′)dΦ¯
J¯(σ¯, τ¯ , θ¯)dΦ¯J¯
′
(σ¯′, τ¯ , θ¯′).
(2.5)
We summarize the vectors as dΦI(τ¯) (I = d, (Iσ¯θ¯), (J¯ σ¯θ¯)), where dΦd(τ¯) := dτ¯ , dΦ(Iσ¯θ¯)(τ¯) :=
dΦI(σ¯, τ¯ , θ¯), dΦ(J¯ σ¯θ¯)(τ¯) := dΦ¯J¯(σ¯, τ¯ , θ¯). Then, the components of the metric are summa-
rized as GIJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯). The inverse of the metric G
IJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) is defined by
GIJG
JK = GKJGJI = δ
K
I , where δ
d
d = 1 and δ
I′σ¯′θ¯′
Iσ¯θ¯
= 1
Eˆ
δI
′
I δ(σ¯ − σ¯′)δ4(θ¯ − θ¯′), δJ¯
′σ¯′θ¯′
J¯ σ¯θ¯
=
1
Eˆ
δJ¯
′
J¯
δ(σ¯ − σ¯′)δ4(θ¯ − θ¯′), δJ¯ σ¯′θ¯′
Iσ¯θ¯
= δJσ¯
′θ¯′
I¯σ¯θ¯
= 0. The components of the Riemannian curva-
ture tensor are given by RIJKL in the basis
∂
∂ΦI(τ¯)
. The components of the Ricci tensor are
3θ¯ in ΦI denotes the collection of the Grassmann coordinates, θz
∗
, θz, θ and θ¯.
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RIJ := R
K
IKJ = R
d
IdJ +
∫
dσ¯d4θ¯EˆR
(Iσ¯θ¯)
I (Iσ¯θ¯) J
+
∫
dσ¯d4θ¯EˆR
(I¯σ¯θ¯)
I (I¯σ¯θ¯) J
. The scalar curvature is
R := GIJRIJ
= GddRdd + 2
∫
dσ¯d4θ¯EˆGd (Iσ¯θ¯)Rd (Iσ¯θ¯) + 2
∫
dσ¯d4θ¯EˆGd (J¯ σ¯θ¯)Rd (J¯ σ¯θ¯)
+
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′G(Iσ¯θ¯) (I
′σ¯′θ¯′)R(Iσ¯θ¯)(I′σ¯′θ¯′) +
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′G(Iσ¯θ¯) (J¯ σ¯
′θ¯′)R(Iσ¯θ¯)(J¯ σ¯′θ¯′)
+
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′G(J¯ σ¯θ¯) (Iσ¯
′θ¯′)R(J¯ σ¯θ¯)(Iσ¯′θ¯′) +
∫
dσ¯d4θ¯Eˆ
∫
dσ¯′d4θ¯′Eˆ′G(J¯ σ¯θ¯) (J¯
′σ¯′θ¯′)R(J¯ σ¯θ¯)(J¯ ′σ¯′θ¯′) .
The volume is
√
G, where G = det(GIJ).
By using these geometrical objects, we formulate topological string theory non-perturbatively
as45
Z =
∫
DGDAe−S , (2.6)
where
S =
1
GN
∫
DEDΦ(τ¯)DΦ¯(τ¯)Dτ¯
√
G(−R+ 1
4
GNG
I1I2GJ1J2FI1J1FI2J2). (2.7)
As an example of sets of fields on the topological string manifolds, we consider the metric
and an u(1) gauge field AI whose field strength is given by FIJ. The path integral is canon-
ically defined by summing over metrics and gauge fields on M. By definition, the theory is
background independent. DE is the invariant measure of the super vierbeins E AM on the
two-dimensional topological super Riemannian manifolds Σ. E AM and E¯
A
M are related to
each others by the super diffeomorphism and super Weyl transformations.
Under
(τ¯ ,Φ(τ¯), Φ¯(τ¯)) 7→ (τ¯ ′(τ¯ ,Φ(τ¯), Φ¯(τ¯)),Φ′(τ¯ ′)(τ¯ ,Φ(τ¯), Φ¯(τ¯)), Φ¯′(τ¯ ′)(τ¯ ,Φ(τ¯), Φ¯(τ¯))), (2.8)
GIJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) and AI(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) are transformed as a symmetric tensor and a
vector, respectively and the action is manifestly invariant.
We define GIJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) and AI(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) so as to transform as scalars
under E¯ AM (σ¯, τ¯ , θ¯
α) 7→ E¯′ AM (σ¯′(σ¯, θ¯), τ¯ , θ¯
′α(σ¯, θ¯)). Under (σ¯, θ¯) superdiffeomorphisms:
(σ¯, θ¯α) 7→ (σ¯′(σ¯, θ¯), θ¯′α(σ¯, θ¯)), which are equivalent to
[E¯ AM (σ¯, τ¯ , θ¯
α),ΦI(σ¯, τ¯ , θ¯α), Φ¯I¯(σ¯, τ¯ , θ¯α), τ¯ ]
7→ [E¯′ AM (σ¯′(σ¯, θ¯), τ¯ , θ¯
′α(σ¯, θ¯)),Φ
′I(σ¯′(σ¯, θ¯), τ¯ , θ¯
′α(σ¯, θ¯))(ΦI(τ¯), Φ¯I¯(τ¯)),
Φ¯
′I¯(σ¯′(σ¯, θ¯), τ¯ , θ¯
′α(σ¯, θ¯))(ΦI(τ¯), Φ¯I¯(τ¯)), τ¯ ]
4We should note that the coordinates Φ(τ¯) and Φ¯(τ¯) in a string geometry theory are not just target space
coordinates, but embedding functions from the worldsheets to the target space.
5The fact that this theory is formulated by using world-sheets does not imply that it has only pertur-
bative information. For example, string field theories, which are formulated by using world-sheets, have
non-perturbative information concerning the tachyon condensation.
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= [E¯
′ A
M (σ¯
′(σ¯, θ¯), τ¯ , θ¯
′α(σ¯, θ¯)),ΦI(σ¯, τ¯ , θ¯α), Φ¯I¯(σ¯, τ¯ , θ¯α), τ¯ ], (2.9)
Gd (Iσ¯θ¯) is transformed as a superscalar;
G′d (Iσ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯)
= G′d (Iσ¯′θ¯′)(E¯,Φ
′(τ¯), Φ¯′(τ¯), τ¯) =
∂ΦI(τ¯)
∂Φ′d(τ¯)
∂ΦJ(τ¯)
∂Φ′(Iσ¯′θ¯′)(τ¯)
GIJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯)
=
∂ΦI(τ¯)
∂Φd(τ¯)
∂ΦJ(τ¯)
∂Φ(Iσ¯θ¯)(τ¯)
GIJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) = Gd (Iσ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯), (2.10)
because (2.9) and (2.8). The other fields are also transformed as
G′d (J¯ σ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯) = Gd (J¯ σ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
G′dd(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯) = Gdd(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
G′(Iσ¯′θ¯′) (Jρ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯) = G (Iσ¯θ¯) (Jρ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
G′(Iσ¯′θ¯′) (J¯ ρ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯) = G (Iσ¯θ¯) (J¯ ρ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
G′(I¯σ¯′θ¯′) (J¯ ρ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯) = G (I¯σ¯θ¯) (J¯ ρ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
(2.11)
and
A′d(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯) = Ad(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
A′(Iσ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯),= A(Iσ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯),
A′(I¯σ¯′θ¯′)(E¯
′,Φ′(τ¯), Φ¯′(τ¯), τ¯),= A(I¯σ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯).
(2.12)
Thus, the action is invariant under the (σ¯, θ¯) superdiffeomorphisms, because∫
dσ¯′dθ¯′Eˆ′(σ¯′, τ¯ , θ¯′) =
∫
dσ¯dθ¯Eˆ(σ¯, τ¯ , θ¯) (2.13)
Therefore, GIJ(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) and AI(E¯,Φ(τ¯), Φ¯(τ¯), τ¯) are transformed covariantly and
the action (2.7) is invariant under the diffeomorphisms (2.4), including the (σ¯, θ¯) Q-superdiffeomorphisms.
3 Perturbative topological string from topological string ge-
ometry
In this section, from the topological string geometry, we will derive the partition function of
the topological strings in all-order string coupling constant.
The background that represents a perturbative vacuum is given by
d¯s
2
= 2λρ¯(h¯)N2(Φ(τ¯), Φ¯(τ¯))(dΦd)2
+
∫
dσ¯Eˆd4θ¯
∫
dσ¯′Eˆ′d4θ¯′N
2
2−D (Φ(τ¯), Φ¯(τ¯))
e¯2(σ¯, τ¯)Eˆ(σ¯, τ¯ , θ¯)√
h¯(σ¯, τ¯)
η(Iσ¯θ¯)(J¯ ′σ¯′θ¯′)dΦ
(Iσ¯θ¯)dΦ¯(J¯
′σ¯′θ¯′),
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A¯d = i
√
2− 2D
2−D
√
2λρ¯(h¯)√
GN
N(Φ(τ¯), Φ¯(τ¯)), A¯(Iσ¯θ¯) = 0, A¯(J¯ σ¯θ¯) = 0, (3.1)
on E. ρ¯(h¯) := 14pi
∫
dσ¯e¯R¯h¯, where R¯h¯ is the scalar curvature of h¯mn. D is a volume of the
index (Iσ¯θ¯) and (J¯ σ¯θ¯): D :=
∫
dσ¯d4θ¯Eˆδ
(Iσ¯θ¯)
(Iσ¯θ¯)
+
∫
dσ¯d4θ¯Eˆδ
(J¯ σ¯θ¯)
(J¯ σ¯θ¯)
= d4piδ(σ¯ − σ¯)δ4(θ¯ − θ¯).
N(Φ(τ¯), Φ¯(τ¯)) = 1
1+αv(Φ(τ¯),Φ¯(τ¯))
, where
v(Φ(τ¯), Φ¯(τ¯)) = 2
∫
dσ¯d4θ¯e¯
√
E¯
(h¯)
1
4
(ΦI(τ¯)ΦI(τ¯) + Φ¯J¯(τ¯)Φ¯J¯(τ¯)). (3.2)
Then, v(Φ(τ¯), Φ¯(τ¯)) satisfies∫
dτ¯dσ¯d4θ¯
√
h¯
e¯2
ηIJ¯
∂v
∂ΦI(τ¯)
∂v
∂Φ¯J¯(τ¯)
= 4
∫
dτ¯dσ¯d4θ¯E¯ηIJ¯Φ
I(τ¯)Φ¯J¯(τ¯)
=
∫
dτ¯dσ¯ηIJ¯
√
h¯
( 1
e¯2
∂σ¯φ
I∂σ¯φ¯
J¯ − 2ρ¯J¯z ∂σ¯χI + 2ρIz∗∂σ¯χ¯J¯ + F I F¯ J¯
+ i(eσ¯z∗ + 2n¯
σ¯)ρ¯J¯zχ
z
z∗∂σ¯φ
I + i(eσ¯z + 2n¯
σ¯)ρIz∗χ
z∗
z ∂σ¯φ¯
J¯ − 4(+n¯2)χzz∗χz
∗
z ρ
I
z∗ ρ¯
J¯
z
)
,
(3.3)
where we have used (2.1), and eσ¯z is the vierbein.
The inverse of the metric is given by
G¯dd =
1
2λρ¯
1
N2
,
G¯d (Iσ¯θ¯) = G¯d (J¯ σ¯θ¯) = 0,
G¯(Iσ¯θ¯) (J¯ σ¯
′θ¯′) = N
−2
2−D
√
h¯
e¯2Eˆ
η(Iσ¯θ¯)(J¯ σ¯′θ¯′),
(3.4)
because
∫
dσ¯′′d4θ¯′′Eˆ′′G¯(Iσ¯θ¯) (J¯ σ¯′′θ¯′′)G¯(J¯ σ¯
′′θ¯′′) (I′σ¯′θ¯′) =
∫
dσ¯′′d4θ¯′′Eˆ′′η(Iσ¯θ¯) (J¯ σ¯′′θ¯′′)η(J¯ σ¯
′′θ¯′′) (I′σ¯′θ¯′) =
δ
(I′σ¯′θ¯′)
(Iσ¯θ¯)
. From the metric, we obtain
√
G¯ = N
2
2−D
√
2λρ¯ exp(
∫
dσ¯d4θ¯Eˆ(δIσ¯θ¯
Iσ¯θ¯
+ δI¯σ¯θ¯
I¯σ¯θ¯
) ln
e¯2Eˆ√
h¯
),
R¯dd = −2λρ¯N
−2
2−D
∫
dσ¯d4θ¯
√
h¯
e¯2
ηIJ¯∂(Iσ¯θ¯)N∂(J¯ σ¯θ¯)N,
R¯d (Iσ¯θ¯) = 0, R¯d (J¯ σ¯θ¯) = 0,
R¯(Iσ¯θ¯) (I′σ¯′θ¯′) =
D− 1
2−DN
−2∂(Iσ¯θ¯)N∂(I′σ¯′θ¯′)N,
R¯(Iσ¯θ¯) (J¯ σ¯′θ¯′) =
D− 1
2−DN
−2∂(Iσ¯θ¯)N∂(J¯ σ¯′θ¯′)N
+
2
D− 2N
−2
∫
dσ¯′′d4θ¯′′
√
h¯′′
e¯′′2
ηKL¯∂(Kσ¯′′θ¯′′)N∂(L¯σ¯′′θ¯′′)N
Eˆe¯2√
h¯
η(Iσ¯θ¯) (J¯ σ¯′θ¯′),
R¯ =
D− 3
2−DN
2D−6
2−D
∫
dσ¯d4θ¯
√
h¯
e¯2
ηIJ¯∂(Iσ¯θ¯)N∂(J¯ σ¯θ¯)N. (3.5)
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By using these quantities, one can show that the background (3.1) is a classical solution6
to the equations of motion of (2.7). We also need to use the fact that v(Φ(τ¯), Φ¯(τ¯)) is a
harmonic function with respect to Φ(τ¯) and Φ¯(τ¯), ηIJ¯∂(Iσ¯θ¯)∂(J¯ σ¯θ¯)v = 0. In these calculations,
we should note that E¯ AM , Φ
I(τ¯), Φ¯J¯(τ¯), and τ¯ are all independent. Because the equations
of motion are differential equations with respect to ΦI(τ¯), Φ¯J¯(τ¯) and τ¯ , E¯ AM is a constant in
the solution (3.1) to the differential equations. The dependence of E¯ AM on the background
(3.1) is uniquely determined by the consistency of the quantum theory of the fluctuations
around the background. Actually, we will find that all the perturbative topological string
amplitudes are derived.
Let us consider fluctuations around the background (3.1), GIJ = G¯IJ + G˜IJ and AI =
A¯I + A˜I. The action (2.7) up to the quadratic order is given by,
S =
1
GN
∫
DEDΦDΦ¯Dτ¯
√
G¯
(
−R¯+ 1
4
F¯ ′IJF¯
′IJ
+
1
4
∇¯IG˜JK∇¯IG˜JK − 1
4
∇¯IG˜∇¯IG˜+ 1
2
∇¯IG˜IJ∇¯JG˜− 1
2
∇¯IG˜IJ∇¯KG˜JK
− 1
4
(−R¯+ 1
4
F¯ ′KLF¯
′KL)(G˜IJG˜IJ − 1
2
G˜2) + (−1
2
R¯IJ +
1
2
F¯ ′IKF¯ ′JK)G˜ILG˜
JL
+ (
1
2
R¯IJ − 1
4
F¯ ′IKF¯ ′JK)G˜IJG˜+ (−
1
2
R¯IJKL +
1
4
F¯ ′IJF¯ ′KL)G˜IKG˜JL
+
1
4
GN F˜IJF˜
IJ +
√
GN (
1
4
F¯
′IJF˜IJG˜− F¯ ′IJF˜IKG˜ KJ )
)
,
(3.6)
where F¯ ′IJ :=
√
GN F¯IJ is independent of GN . G˜ := G¯
IJG˜IJ. There is no first order term
because the background satisfies the equations of motion. If we take GN → 0, we obtain
S′ =
1
GN
∫
DEDΦDΦ¯Dτ¯
√
G¯
(
−R¯+ 1
4
F¯ ′IJF¯
′IJ
+
1
4
∇¯IG˜JK∇¯IG˜JK − 1
4
∇¯IG˜∇¯IG˜+ 1
2
∇¯IG˜IJ∇¯JG˜− 1
2
∇¯IG˜IJ∇¯KG˜JK
− 1
4
(−R¯+ 1
4
F¯ ′KLF¯
′KL)(G˜IJG˜IJ − 1
2
G˜2) + (−1
2
R¯IJ +
1
2
F¯ ′IKF¯ ′JK)G˜ILG˜
JL
+ (
1
2
R¯IJ − 1
4
F¯ ′IKF¯ ′JK)G˜IJG˜+ (−
1
2
R¯IJKL +
1
4
F¯ ′IJF¯ ′KL)G˜IKG˜JL
)
,
(3.7)
where the fluctuation of the gauge field is suppressed. In order to fix the gauge symmetry
(2.8), we take the harmonic gauge. If we add the gauge fixing term
Sfix =
1
GN
∫
DEDΦDΦ¯Dτ¯
√
G¯
1
2
(
∇¯J(G˜IJ − 1
2
G¯IJG˜)
)2
, (3.8)
6This solution is a generalization of the Majumdar-Papapetrou solution [18, 19] of the Einstein-Maxwell
system.
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we obtain
S′ + Sfix =
1
GN
∫
DEDΦDΦ¯Dτ¯
√
G¯
(
−R¯+ 1
4
F¯ ′IJF¯
′IJ
+
1
4
∇¯IG˜JK∇¯IG˜JK − 1
8
∇¯IG˜∇¯IG˜
− 1
4
(−R¯+ 1
4
F¯ ′KLF¯
′KL)(G˜IJG˜IJ − 1
2
G˜2) + (−1
2
R¯IJ +
1
2
F¯ ′IKF¯ ′JK)G˜ILG˜
JL
+ (
1
2
R¯IJ − 1
4
F¯ ′IKF¯ ′JK)G˜IJG˜+ (−
1
2
R¯IJKL +
1
4
F¯ ′IJF¯ ′KL)G˜IKG˜JL
)
.
(3.9)
In order to obtain perturbative topological string amplitudes, we perform a derivative
expansion of G˜IJ,
G˜IJ → 1
α
G˜IJ,
∂KG˜IJ → ∂KG˜IJ,
∂K∂LG˜IJ → α∂K∂LG˜IJ,
(3.10)
and take
α→ 0, (3.11)
where α is an arbitrary constant in the solution (3.1).
We normalize the fields as H˜IJ := ZIJG˜IJ, where ZIJ :=
1√
GN
G¯
1
4 (a¯Ia¯J)
− 1
2 . a¯I represent
the background metric as G¯IJ = a¯IδIJ, where a¯d = 2λρ¯ and a¯(Iσ¯θ¯) =
e¯2Eˆ√
h¯
. Then, (3.9)
reduces to
S′ + Sfix → S0 + S2, (3.12)
where
S0 =
1
GN
∫
DEDDΦDΦ¯Dτ¯
√
G¯
(
−R¯+ 1
4
F¯ ′IJF¯
′IJ
)
, (3.13)
and
S2 =
∫
DEDΦDΦ¯Dτ¯ 1
8
H˜IJHIJ;KLH˜KL. (3.14)
In the same way as in [1], a part of the action∫
DEDΦDΦ¯Dτ¯ 1
4
∫ 2pi
0
dσ¯d4θ¯ηIJ¯H˜⊥d(Iσ¯θ¯)HH˜
⊥
d(J¯ σ¯θ¯) (3.15)
with
H = −1
2
1
2λρ¯
(
∂
∂τ¯
)2 −
∫ 2pi
0
dσ¯
∫
d4θ¯
√
h¯
e¯2
ηIJ¯
∂
∂ΦI
∂
∂Φ¯J¯
+
D2 − 5D + 8
(2−D)2
∫ 2pi
0
dσ¯
∫
d4θ¯
√
h¯
e¯2
ηIJ¯
∂v
∂ΦI
∂v
∂Φ¯J¯
(3.16)
decouples from the other modes.
In the following, we consider a sector that consists of local fluctuations in a sense of
strings as
H˜ ′KL =
∫
dσ¯d4θ¯EˆfKL(E¯,Φ(τ¯), Φ¯(τ¯), τ¯). (3.17)
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In the same way as in [1], we have∫
dσ¯
∫
d4θ¯Eˆ(
1
e¯
∂
∂ΦI
)(
1
e¯
∂
∂Φ¯J¯
)H˜ ′KL =
∫
dσ¯Eˆ(
1
e¯
∂
∂φI
)(
1
e¯
∂
∂φ¯J¯
)H˜ ′KL, (3.18)
because the leading term of ΦI is φI and covariant derivatives with respect to σ¯ apply to all
the other terms including φI in ΦI . The same is true of Φ¯I¯ .
By adding to (3.15),
0 =
∫
DEDΦDΦ¯Dτ¯ 1
4
∫ 2pi
0
dσ¯′d4θ¯′ηIJ¯H˜⊥d(Iσ¯′θ¯′)
(∫ 2pi
0
dσ¯n¯σ¯(∂σ¯φ
I ∂
∂φI
+ ∂σ¯φ¯
J¯ ∂
∂φ¯J¯
)
)
H˜⊥d(J¯ σ¯′θ¯′),
(3.19)
and
0 =
∫
DEDΦDΦ¯Dτ¯ 1
2
∫ 2pi
0
dσ¯′d4θ¯′ηIJ¯H˜⊥d(Iσ¯′θ¯′)(∫ 2pi
0
dσ¯
√
h¯n¯
(
iρKz∗χ
z∗
z (−i
1
e¯
∂
∂φK
) + iρ¯L¯z χ
z
z∗(−i
1
e¯
∂
∂φ¯L¯
)
))
H˜⊥d(J¯ σ¯′θ¯′),
(3.20)
where n¯ and n¯σ¯ are components of h¯ in the ADM formalism, for example summarized in [1],
we obtain (3.15) with
H(−i ∂
∂τ¯
,−i1
e¯
∂
∂φ
,−i1
e¯
∂
∂φ¯
,Φ(τ¯), Φ¯(τ¯), E¯)
=
1
2
1
2λρ¯
(−i ∂
∂τ¯
)2 +
∫
dσ¯
(√
h¯ηIJ¯
(
(−i1
e¯
∂
∂φI
)(−i1
e¯
∂
∂φ¯J¯
) + 2in¯
(
ρIz∗χ
z∗
z (−i
1
e¯
∂
∂φI
) + ρ¯J¯zχ
z
z∗(−i
1
e¯
∂
∂φJ¯
)
))
+ ie¯n¯σ¯(−i1
e¯
)(∂σ¯φ
I ∂
∂φI
+ ∂σ¯φ¯
J¯ ∂
∂φ¯J¯
)
)
+
∫
dσ¯d4θ¯EˆηIJ¯
∂v
∂ΦI
∂v
∂Φ¯J¯
,
(3.21)
where we have taken D→∞.
The propagator ∆F (E¯,Φ(τ¯), Φ¯(τ¯), τ¯ ; E¯
′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′) for H˜⊥
d(J¯ σ¯θ¯)
defined as
∆F (E¯,Φ(τ¯), Φ¯(τ¯), τ¯ ; E¯
′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′) = 〈H˜⊥d(J¯ σ¯θ¯)(E¯,Φ(τ¯), Φ¯(τ¯), τ¯)H˜⊥d(J¯ σ¯θ¯)(E¯′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′)〉
(3.22)
satisfies
H(−i ∂
∂τ¯
,−i1
e¯
∂
∂φ
,−i1
e¯
∂
∂φ¯
,Φ(τ¯), Φ¯(τ¯), E¯)∆F (E¯,Φ(τ¯), Φ¯(τ¯), τ¯ ; E¯
′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′)
= δ(E¯− E¯′)δ(Φ(τ¯)− Φ′(τ¯ ′))δ(Φ¯(τ¯)− Φ¯′(τ¯ ′))δ(τ¯ − τ¯ ′).
(3.23)
In order to obtain a Schwinger representation of the propagator, we use the operator for-
malism ( ˆ¯E, Φˆ(τ¯), ˆ¯Φ(τ¯), ˆ¯τ) of the first quantization. The eigen state for ( ˆ¯E, φˆ, ˆ¯φ, ˆ¯τ) is given by
|E¯, φ, φ¯, τ¯ >. The conjugate momentum is written as (pˆE¯, pˆφ, pˆφ¯, pˆτ¯ ). There is no conjugate
momentum for the auxiliary field F I and F¯ I¯ . The conjugate momentum of χI is ρ¯I . The nor-
malized operators ˆ˜χI and its conjugate momentum ˆ¯˜ρI satisfy { ˆ¯˜ρI(σ¯), ˆ˜χI′(σ¯′)} = 1e¯δI
′
I δ(σ¯−σ¯′),
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{ ˆ¯˜ρI(σ¯), ˆ¯˜ρI′(σ¯′)} = 0, { ˆ˜χI(σ¯), ˆ˜χI′(σ¯′)} = 0. The vacuum |0 > for this algebra is defined by
ˆ˜χI(σ¯)|0 >= 0. The eigen state |χ˜ >, which satisfies ˆ˜χI(σ¯)|χ˜ >= χ˜I(σ¯)|χ˜ >, is given by
e−χ˜·
ˆ¯˜ρ|0 >= e−
∫
dσ¯Eˆχ˜I(σ¯) ˆ¯˜ρI(σ¯)|0 >. Then, the inner product is given by < ˜¯ρ|χ˜ >= e ˜¯ρ·χ˜,
whereas the completeness relation is
∫ D ˜¯ρDχ˜| ˜¯ρ > e− ˜¯ρ·χ˜ < χ˜| = 1. There are similar equa-
tions in χ¯I¯ and its conjugate momentum ρI¯ .
Because (3.23) means that ∆F is an inverse of H, ∆F can be expressed by a matrix
element of the operator Hˆ−1 as
∆F (E¯,Φ(τ¯), Φ¯(τ¯), τ¯ ; E¯
′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′) =< E¯,Φ(τ¯), Φ¯(τ¯), τ¯ |Hˆ−1(pˆτ¯ , pˆφ, pˆφ¯, Φˆ, ˆ¯Φ, ˆ¯E)|E¯′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′ > .
(3.24)
The formula
Hˆ−1 =
∫ ∞
0
dTe−THˆ (3.25)
implies that
∆F (E¯,Φ(τ¯), Φ¯(τ¯), τ¯ ; E¯
′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′) =
∫ ∞
0
dT < E¯,Φ(τ¯), Φ¯(τ¯), τ¯ |e−THˆ |E¯′,Φ′(τ¯ ′), Φ¯′(τ¯ ′), τ¯ ′ > .
(3.26)
In order to define two-point correlation functions that is invariant under the general
coordinate transformations in the topological string geometry, we define in and out states as
||Φi, Φ¯i |Ef , ; Ei >in :=
∫ Ef
Ei
DE′|E¯,′Φi, Φ¯i, τ¯ = −∞ >,
< Φf , Φ¯f |Ef , ; Ei||out :=
∫ Ef
Ei
DE < E¯,Φf , Φ¯f , τ¯ =∞|,
(3.27)
where Φf := Φ(τ¯ =∞), Φ¯f := Φ¯(τ¯ =∞),Φi := Φ(τ¯ = −∞), Φ¯i := Φ¯(τ¯ = −∞), and Ei and
Ef represent the topological super vierbein of the super cylinders at τ¯ = ∓∞, respectively.
When we insert asymptotic states, we integrate out Φf , Φ¯f ,Φi, Φ¯i,Ef , and Ei in the two-
point correlation function for these states,
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei) :=
∫ ∞
0
dT < Φf , Φ¯f |Ef , ; Ei||oute−THˆ ||Φi, Φ¯i |Ef , ; Ei >in .
(3.28)
In the same way as in [1], by inserting completeness relations of the eigen states, we obtain
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei)
=
∫ Ef ,Φf ,Φ¯f ,∞
Ei,Φi,Φ¯i,−∞
DTDEDτ¯DΦDΦ¯
∫
DpTDpτ¯DpφDpφ¯DpFDpF¯
e−
∫∞
−∞ dt(−ipT · ddtT−ipF · ddtF−ipF¯ · ddt F¯+˜¯ρ· ddt χ˜+ρ˜· ddt ˜¯χ−ipτ¯ ddt τ¯−ipφ· ddtφ−ipφ¯· ddt φ¯+TH(pτ¯ ,pφ,pφ¯,Φ(τ¯),Φ¯(τ¯),E¯)).
(3.29)
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If we integrate out pτ¯ , pφ, pφ¯, pF , and pF¯ by using the relation of the ADM formalism, we
obtain
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei)
=
∫ Ef ,Φf ,Φ¯f ,∞
Ei,Φi,Φ¯i,−∞
DTDEDτ¯DΦDΦ¯
∫
DpT
× exp
(
−
∫ ∞
−∞
dt
(
−ipT (t) d
dt
T (t) + λρ¯
1
T (t)
(
dτ¯(t)
dt
)2 +
∫
dσ¯d4θ¯E¯T (t)Φ′Φ¯′
)
.
(3.30)
When the last equality is obtained, we use (3.3) and (A.5). In the last line, F I and F¯ I¯ are
constant with respect to t, and Φ′ and Φ¯′ are given by replacing ∂∂τ¯ with
1
T (t)
∂
∂t in Φ and Φ¯,
respectively. The path integral is defined over all possible trajectories with fixed boundary
values in E.
By inserting
∫ DcDbe∫ 10 dt( db(t)dt dc(t)dt ), where b(t) and c(t) are bc ghosts, we obtain
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei)
= Z0
∫ Ef ,Φf ,Φ¯f ,∞
Ei,Φi,Φ¯i,−∞
DTDEDτ¯DΦDΦ¯DcDb
∫
DpT
× exp
(
−
∫ ∞
−∞
dt
(
−ipT (t) d
dt
T (t) +
db(t)
dt
d(T (t)c(t))
dt
+ λρ¯
1
T (t)
(
dτ¯(t)
dt
)2 +
∫
dσ¯d4θ¯E¯T (t)Φ′Φ¯′
))
.
(3.31)
where we have redefined as c(t) → T (t)c(t). Z0 represents an overall constant factor, and
we will rename it Z1,Z2, · · · when the factor changes in the following. This path integral is
obtained if
F1(t) :=
d
dt
T (t) = 0 (3.32)
gauge is chosen in
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei)
= Z1
∫ Ef ,Φf ,Φ¯f ,∞
Ei,Φi,Φ¯i,−∞
DTDEDτ¯DΦDΦ¯
∫
exp
(
−
∫ ∞
−∞
dt
(
+λρ¯
1
T (t)
(
dτ¯(t)
dt
)2 +
∫
dσ¯d4θ¯E¯T (t)Φ′Φ¯′
))
,
(3.33)
which has a manifest one-dimensional diffeomorphism symmetry with respect to t, where
T (t) is transformed as an einbein [20].
Under dτ¯dτ¯ ′ = T (t), T (t) disappears in (3.33) as in [1], and we obtain
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei)
= Z2
∫ Ef ,Φf ,Φ¯f ,∞
Ei,Φi,Φ¯i,−∞
DEDτ¯DΦDΦ¯
∫
exp
(
−
∫ ∞
−∞
dt
(
+λρ¯(
dτ¯(t)
dt
)2 +
∫
dσ¯d4θ¯E¯Φ′′Φ¯′′
))
,
(3.34)
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where Φ′′ and Φ¯′′ are given by replacing ∂∂τ¯ with
∂
∂t in Φ and Φ¯, respectively. This action is
still invariant under the diffeomorphism with respect to t if τ¯ transforms in the same way as
t.
If we choose a different gauge
F2(t) := τ¯ − t = 0, (3.35)
in (3.34), we obtain
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei)
= Z3
∫ Ef ,Φf ,Φ¯f ,∞
Ei,Φi,Φ¯i,−∞
DEDτ¯DΦDΦ¯
∫
DαDcDb
× exp
(
−
∫ ∞
−∞
dt
(
α(t)(τ¯ − t) + b(t)c(t)(1− dτ¯(t)
dt
) + λρ¯(
dτ¯(t)
dt
)2 +
∫
dσ¯d4θ¯E¯Φ′′Φ¯′′
))
= Z
∫ Ef ,Φf ,Φ¯f
Ei,Φi,Φ¯i
DEDΦDΦ¯ exp
(
−
∫ ∞
−∞
dτ¯
( 1
4pi
∫
dσ¯
√
h¯λR¯+
∫
dσ¯d4θ¯E¯ΦΦ¯
))
.
(3.36)
In the second equality, we have redefined as c(t)(1 − dτ¯(t)dt ) → c(t) and integrated out the
ghosts. The path integral is defined over all possible two-dimensional topological super
Riemannian manifolds with fixed punctures in Rd as in Fig. 4. By using the two-dimensional
super diffeomorphism and super Weyl invariance of the action, we obtain
∆F (Φf , Φ¯f ; Φi, Φ¯i|Ef , ; Ei) = Z
∫ Ef ,Φf ,Φ¯f
Ei,Φi,Φ¯i
DEDΦDΦ¯e−λχe−
∫
d2σd4θ¯E¯ΦΦ¯, (3.37)
where χ is the Euler number of the two-dimensional Riemannian manifold. This is the path
integral formulation of the topological string theory itself [22, 17, 23, 24].
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Figure 4: A path and a topological super Riemann surface. The line on the left is a trajectory
in the path integral. The trajectory parametrized by τ¯ from τ¯ = −∞ to τ¯ =∞, represents
a topological super Riemann surface with fixed punctures in Rd on the right.
4 Conclusion and discussion
In this paper, we first defined topological string geometry theory by twisting string geometry
theory. Second, we derived the all order perturbative topological string partition function
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in the flat target space, from fluctuations around a perturbative vacuum background in the
theory.
The string coupling constant g is not a parameter of non-perturbatively formulated string
theory, but an expectation value of the dilaton. Actually, g is not a parameter of the string
geometry theory, too. g = eλ is a free parameter of the background solution (3.1) in string
geometry theory when we derive the partition function of the perturbative topological string.
During the derivation, we take a limit of another free parameter of the solution: α → 0.
Therefore, it is natural to identify α as e
− 1
g . We expect to obtain right non-perturbative
corrections to the partition function by evaluating the contribution of α to the propagator
in the string geometry theory, corresponding to the perturbative partition function.
Here, we discuss how to derive perturbative string theories on more general backgrounds7.
First, the perturbative vacuum solution (3.1) is a solution even if v(Φ(τ¯), Φ¯(τ¯)) is generalized
to arbitrary holomorphic plus anti-holomorphic functions. It is an immediate task to clarify
on which Ka¨hler manifolds topological string theories are reproduced from the fluctuations
around the generalized backgrounds. Second, M. Honda and M. S. found that general con-
figurations of the fields of a supergravity are included in configurations of the fields of the
string geometry in [21]. Similarly, we expect that general Ka¨hler manifolds are included in
configurations of the fields of the topological string geometry and that we can reproduce
topological string theories on various compact and non-compact Calabi-Yau manifolds.
Because string backgrounds are included in configurations of the fields of the string
geometry [21], we expect that instantons of the string geometry reduce to instantons of the
string backgrounds and instanton effects of string geometry give non-perturbative effects in
string theory where a string background changes to another.
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A Superfield formalism in topological string theory
String geometry is described in terms of superfields. Then, we will introduce a superfield
formalism in the topological string theory in this appendix.
Two-dimensional N = (2, 2) chiral matter coupled to supergravity in superspace is for-
mulated in [25, 26] , where the action is given by
Ssugra =
∫
d2σd4θ¯E′ηIJ¯Φ
′IΦ¯
′J¯
=
∫
d2zηIJ¯(∂z∗φ
I∂zφ¯
J¯ + F I F¯ J¯ + iψI+Dzψ
J¯
+˙ + iψ
I
−Dz∗ψ
J¯
−˙
+ ∂z∗φ
Iψ+˙z ψ
J¯
+˙ + ∂zφ
Iψ−˙z∗ψ
J¯
−˙ + ∂z∗ φ¯
J¯ψ+z ψ
I
+ + ∂zφ¯
J¯ψ−z∗ψ
I
−
+
1
2
(ψ+z∗ψ+ + ψ
−
z∗ψ−)ψ
+˙
z ψ+˙ +
1
2
(ψ+z ψ+ + ψ
−
z ψ−)ψ
−˙
z∗ψ−˙
+
1
2
(ψ+˙z∗ψ+˙ + ψ
−˙
z∗ψ−˙)ψ
+
z ψ+ +
1
2
(ψ+˙z ψ+˙ + ψ
−˙
z ψ−˙)ψ
−
z∗ψ−).
(A.1)
To this system, we perform a formal topological twist where the half-integer spins are changed
to the integer spins as in the same changes that is a result of the topological twist of the
sigma models. Explicitly, the super fields are changed as
E′ → E, Φ′I → ΦI , Φ¯′I¯ → Φ¯I¯ , (A.2)
where the coordinates are
θ¯+ → θ¯z∗ , θ¯− → θ¯, θ¯+˙ → θ¯, θ¯−˙ → θ¯z, (A.3)
and the component fields are
ψI+ → ρIz∗ , ψI− → χI ,
ψI¯+˙ → χ¯I¯ , ψI¯−˙ → ρ¯I¯z,
ψ−˙z → 0, ψ−˙z∗ → iχzz∗ , ψ+z → iχz
∗
z , ψ
+
z∗ → 0
ψ+˙z → 0, ψ+˙z∗ → 0, ψ−z → 0, ψ−z∗ → 0,
(A.4)
where some component fields are set to zero. As a result, χI and χ¯I¯ transform as scalar
fields whereas ρIz∗ and ρ¯
I¯
z transform as chiral vector fields, and χ
z∗
z and χ
z
z∗ transform as spin
2 gravitinos.
The new superfields E, Φ and Φ¯ satisfy
Stop =
∫
d2σd4θ¯EηIJ¯Φ
IΦ¯J¯
=
∫
d2zηIJ¯(∂z∗φ
I∂zφ¯
J¯ + F I F¯ J¯ + iρIz∗Dzχ¯
J¯ + iρ¯J¯zDz∗χ
I
+ iρIz∗χ
z∗
z ∂z∗ φ¯
J¯ + iρ¯J¯zχ
z
z∗∂zφ
I − χzz∗χz
∗
z ρ
I
z∗ ρ¯
J¯
z ),
(A.5)
which is an action of the topological string theory itself [17, 22, 23, 24]. Therefore, the new
superfields E, ΦI and Φ¯I¯ define a superfield formalism of the topological string theory.
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